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Abstract: We study a class of two-dimensional N = (2, 2) sigma models called
squashed toric sigma models, using their Gauged Linear Sigma Models (GLSM) de-
scription. These models are obtained by gauging the global U (1) symmetries of toric
GLSMs and introducing a set of corresponding compensator superfields. The geometry
of the resulting vacuum manifold is a deformation of the corresponding toric manifold
in which the torus fibration maintains a constant size in the interior of the manifold,
thus producing a neck-like region. We compute the elliptic genus of these models, using
localization, in the case when the unsquashed vacuum manifolds obey the Calabi–Yau
condition. The elliptic genera have a non-holomorphic dependence on the modular pa-
rameter τ coming from the continuum produced by the neck. In the simplest case cor-
responding to squashed C/Z2 the elliptic genus is a mixed mock Jacobi form which
coincides with the elliptic genus of the N = (2, 2) SL(2,R)/U (1) cigar coset.
1. Introduction and Summary
The classic work of [1–7] on the elliptic genus led to the establishment of a three-way
relation between two-dimensional N = (2, 2) superconformal field theories (SCFTs),
compact Calabi–Yau (CY) manifolds, and modular and Jacobi forms. The elliptic genus
of an N = (2, 2) SCFT M with central charge c is defined as
χell(M; τ, z) := TrHR R (−1)F q L0 q L0 ζ J0 , q = e2π iτ , ζ = e2π i z , (1)
where HR R is the Ramond–Ramond Hilbert space of the theory, L0 and L0 are the left
and right-moving Hamiltonians of the (2, 2) algebra, J0 is the left-moving R-charge,
and F is the fermion number operator. The elliptic genus of a two-dimensional (2, 2)
SCFT in the moduli space of a compact CY manifold of complex dimension d is a Jacobi
form of weight 0 and index d/2 = c/6.
In this paper we focus on a class of N = (2, 2) supersymmetric sigma models which
flow to SCFTs with non-compact target space. Non-trivial non-compact target spaces
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appear in diverse physical situations, e.g. as the vacuum manifold of supersymmetric
quantum field theories, as supersymmetric black hole moduli spaces, and as backgrounds
on which strings and D-branes can propagate (some examples are the near-horizon
regions of NS5-branes, ALE spaces, and the conifold). The presence of a continuum
of operators in the spectrum, which is a signature of the non-compactness, is a source
of many subtleties and often invalidates basic conclusions that apply to theories with
compact target space. An example of this phenomenon that we will study in particular
in this paper is the holomorphicity of the elliptic genus.
In theories with a discrete spectrum, holomorphicity (in τ ) of the elliptic genus follows
from the simple argument [4,5] that all states with non-zero L0 come in representations
with equal number of bosonic and fermionic states, and therefore do not contribute to
the elliptic genus. When there is a continuum component in the spectrum, the trace in
Equation (1) needs a precise definition, and the measure involved in the integral over the
continuum may not be equal for bosonic and fermionic states with equal values of L0.
(Physically this means that the density of states of fermions and bosons are not equal,
this happens when there is a non-zero phase shift in scattering from infinity.) This can
lead to an incomplete cancellation, and therefore to a τ -dependence of the elliptic genus.
This phenomenon has been understood in great detail for the supersymmetric ver-
sion of the Euclidean 2d black hole, also known as the cigar, whose target space is the
(Euclidean) SL2(R)/U (1) N = (2, 2) SCFT. The elliptic genus of the cigar theory was
calculated in [8–10] by computing the relevant functional integral of the WZW coset,
using the technique of [11]. The same phenomenon was also found, in a spacetime
avatar, in string theories in the near-horizon geometry of NS5-branes [12,13] and their
T-duals [14], all of which involve the cigar SCFT as an important component. The elliptic
genus of the cigar coset, as well as some generalizations, was later computed in a much
simpler manner using the GLSM description [15,16]. The class of modular objects that
captures the modular but non-holomorphic behavior of the elliptic genus of the cigar the-
ory was discovered relatively recently, and is called mock modular forms [17,18] (more
precisely, the cigar elliptic genus is a mixed mock Jacobi form [19]). These functions
transform like holomorphic modular forms, but their τ -derivative is non-vanishing and
can be summarized by a holomorphic anomaly equation (summarized in Appendix A).
In this sense the study of the cigar theory has led to an extension of the three-way relation
mentioned in the beginning.
While it is nice to see mock modular forms fit into a corner of conformal field theory
and string theory, it is worth noting that one of the links in this refinement of the three-
way relation has not been well-understood, namely the role of geometry. This paper aims
to reduce this gap by studying a class of non-compact manifolds that are thought to flow
to SCFTs with a non-trivial dilaton profile, and whose elliptic genus shows interesting
new modular behavior. We find functions that depend explicitly on τ but transform like
a holomorphic multi-variable Jacobi form. The τ -dependence is captured by a differ-
ential equation (Equation 90) that generalizes the one obeyed by mock Jacobi forms.
We hope that our physical ideas and results serve as a motivation for further work that
is needed to understand the links between non-compact manifolds and SCFTs, their el-
liptic genera, and mock modular forms and their generalizations. These considerations
may also be useful for the Umbral Moonshine program [20–22] where one is search-
ing for geometric or physical objects that give rise to particular mock Jacobi forms
(Fig. 1).
The objects of study in this paper, called squashed toric manifolds, are deformations
of toric manifolds. While toric manifolds have been studied extensively by geometers
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Fig. 1. CP1 with r = 1
Fig. 2. Squashed CP1 with ̂k = 1/4 and r = 1
as well as by string theorists, their squashed counterparts have received less attention.
The defining feature of a (real) 2d-dimensional toric manifold is a non-trivial U (1)d
action at a generic point. The geometric structure is that of a d-dimensional torus fibered
on a d-dimensional base. This torus varies in size as we move along the base, and
there are distinguished fixed points where the torus shrinks to zero size. The squashing
deformation makes the torus gain a constant size in the deep interior of the manifold.
A simple illustrative example is that of squashed CP1 in which the spherical shape gets
squashed to a sausage (see Fig. 2).
The GLSMs for these squashed toric manifolds were introduced in [23]. The start-
ing (unsquashed) point is a model with n chiral superfields and n − d gauge super-
fields, whose vacuum manifold is 2d-dimensional. The squashing deformation gauges
the d-dimensional flavor symmetry of this theory and at the same time introduces a set
of d compensator-chiral superfields (which translate under the flavor gauge fields). The
vacuum manifold of the squashed model thus remains 2d-dimensional, and is called
the squashed toric manifold. In most of the paper we study manifolds that obey the
Calabi–Yau condition, namely the vanishing of the sum of the gauge charges of the
chiral multiplets for each gauge field. This condition ensures that the 2d QFTs has non-
anomalous chiral U (1) R-symmetries so that they can flow to N = (2, 2) SCFTs. This
sum-rule in turn implies that the initial toric manifold (and therefore its squashed defor-
mation) is non-compact [24]. The squashing deformation is a very strong deformation
in that it reaches the asymptotic region, for example, if we begin with a space of the
form C/Z2 the squashed counterpart has a cylinder-like shape asymptotically. This is
in a different universality class of theories compared to the toric CY manifolds—the
Ricci curvature is no longer zero and is supported by a non-trivial dilaton profile. Our
main result, that we now describe briefly, is an expression for the elliptic genus of these
squashed toric manifolds.
First we recall some results for the elliptic genus of toric CY manifolds. As mentioned
above, these manifolds are necessarily non-compact. Although one can formally write
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down the elliptic genus as in Equation (1) using the N = (2, 2) superconformal algebra,
the quantity is usually ill-defined because of the infinite volume of the space1. One way
to regulate this divergence is to turn on a background Wilson line u of the external
gauge field which couples to the angular momentum in the spacetime (which is a flavor
charge F in the sigma model). The zero modes of the bosons are charged under this
symmetry, and therefore the divergence is lifted. The modified elliptic genus
χell(Mtor; τ, z, u) = TrHR R (−1)F q L0 q L0 ζ J0 e2π iuF (2)
is now a sensible supersymmetric index. This route was used to study the elliptic genus
of ALE and ALF spaces in [25], and the answer thus obtained is a Jacobi form meromor-
phic in the elliptic variable u. This meromorphicity is related to the fact that the scale
introduced by the background Wilson line u mildly breaks the infinite-dimensional su-
perconformal algebra, as can be seen from the fact that bosons can no longer be separated
into left- and right-moving parts [26,27].
In this paper we take a different route. The squashing deformation is now an operation
intrinsic to the theory and therefore one does not need to introduce any external scale
to regulate the elliptic genus. The original definition (1) of the elliptic genus applies to
the squashed models as long as we define the trace carefully. The answer turns out to be
holomorphic in the elliptic variable z, but non-holomorphic in the modular parameter τ .
To be concrete, we consider a 2d-dimensional toric GLSM Mtor, and associate the set
of chemical potentials {u′},  = 1, . . . d, to the corresponding U (1) symmetries. This
GLSM has a flavored elliptic genus χell(Mtor; τ, z, {u′}) as described above. The U (1)
toric symmetries act on the fields of the GLSM as global flavor symmetries with the
chiral superfields having charges Fi , i = 1, . . . n. Two sets of parameters that are
particularly important for the elliptic genus of the squashed manifold ˜Mtor are the sum of
the charges b = ∑ni=1 Fi for each flavor symmetry, and the strength of the coupling {k}
of the compensator fields. We define ˜k = k/b2 which is the effective strength of the
squashing deformation, and which determines the size of the constant circles in the
squashed manifolds. Our main result is an expression for the elliptic genus of ˜Mtor given
in terms of an integral over the d-dimensional torus Edτ , with Eτ = C/(Zτ +Z), spanned
by the holonomies {u′} of the flavor symmetry gauge fields. Define, for z, u ∈ C, the
non-holomorphic kernel function:
Hk(τ, z, u) = k
∑
m,w ∈Z
e
2π iwz− πk
τ2
(
wτ+m+u+ zk
)(
wτ+m+u+ zk
)
. (3)
The elliptic genus of the squashed toric model ˜Mtor, given in Equation (83) of the text,
is a d-dimensional convolution of the elliptic genus of Mtor with these kernel functions:
χell( ˜Mtor; τ, z) =
∫
Edτ
d
∏
=1
d2u′
τ2
H
˜k (τ, z, u
′
) χell(Mtor; τ, z, {u′/b}). (4)
This convolution thus shifts the signature of the non-compactness from a meromorphicity
in u to a non-holomorphy in τ .
1 The presence of the geometric singularity in the case of orbifolds may also be seen as a potential problem
in geometry. Here we take the attitude that such singularities can be removed by usual CFT methods, either by
turning on an FI term deformation or by resolving the space. One still has, however, the issue of the bosonic
zero-modes which make the elliptic genus formally infinite.
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Apart from their intrinsic mathematical interest, these results naturally prompt the
conjecture for the existence of an RG flow from the squashed toric sigma models to
certain SCFTs with the above elliptic genera. In the simplest example, the RG flow is
from a squashed C/Z2 to the cigar coset SCFT. This RG flow is similar to that discussed in
[23] but our UV starting point (46) is slightly different. One can make similar conjectures
for each of the GLSMs of RG flows from higher-dimensional squashed toric manifolds
to SCFTs in the IR. In [28] we study, and provide further evidence for, such RG flows.
The plan of the paper is as follows. In Sect. 2 we review toric manifolds, some
of their properties, and their construction as vacuum manifolds of GLSMs. We then
review the squashing deformation of [23]. In each case we illustrate the discussion with
four examples. In Sect. 3, we present the computation of the elliptic genus of toric CY
manifolds using the GLSM construction and the technique of localization. In Sect. 4, we
compute the elliptic genus of the squashed toric models. In Sect. 5, we analyze a compact
(non-Calabi–Yau) example, namely the supersymmetric sausage model, and compute
its Witten index. In four appendices we briefly review some details of (multi-variable)
Jacobi forms and mock Jacobi forms, the holomorphic construction of toric manifolds,
the metric of squashed manifolds, and the action of the GLSMs, which are referred to
in various places in the main text.
2. A Class of Gauged Linear Sigma Models
In this section we review some basic facts about toric manifolds and toric sigma models.
This is a wide and deep subject and we refer the reader to [24,29] for an introduction
to this topic for physicists, and to [30] for a mathematical treatment of the symplec-
tic viewpoint on toric manifolds which we follow. Here we shall briefly review the
GLSM construction of toric manifolds and present four examples (CP1, C/Z2, the A1
space C2/Z2, and the conifold) which we will use in the rest of the paper to illustrate
our general results.
2.1. A brief review of toric manifolds and toric sigma models . Consider the N = (2, 2)
GLSM with field content consisting of the chiral superfields i , i = 1, . . . , n, and the
abelian vector superfields Va , a = 1, . . . , n − d with associated field strength twisted
chiral superfieldsa . The chiral superfields have charges Qia under the vector superfields.
The action is:
S0 = 12π
∫
d2x
[∫
d4θ
( n
∑
i=1
i exp
(
n−d
∑
a=1
Qai Va
)
i − 12e2
n−d
∑
a=1
a a
)
+
1
2
∫
d2˜θ
n−d
∑
a=1
taa + c.c.
]
, (5)
with ta = ra − iϑa . Here ra is the Fayet-Ilopoulos parameter and ϑa is the theta angle
for the gauge field Va .
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The manifold of inequivalent vacua (the vacuum manifold) is obtained by solving
the constraints imposed by setting the D-terms2,3:
Da = −e2a μa , μa =
n
∑
i=1
Qai |φi |2 − ra , a = 1, . . . , n − d , (6)
to zero, and quotienting by the gauge group G = U (1)n−d . Denoting the vector of FI
terms with components ra by r , we write the 2d real-dimensional vacuum manifold V
as:
V (r) = μ−1(0)/G. (7)
It is a non-trivial fact that this vacuum manifold has a natural symplectic structure
induced from that of Cn on which the chiral fields φi live. It inherits a non-trivial U (1)d
Hamiltonian action from the U (1)d flavor symmetry of the GLSM (5). Such a manifold V
is called a symplectic toric manifold, and the above construction of V is precisely what
is called the symplectic quotient construction of toric manifolds4 [30].
As Cn is also a Kähler manifold and the U (1)n−d action preserves its complex
structure, the quotient space V is also a Kähler manifold. The metric can thus be written
in terms of local complex coordinates Z I (φi ), I = 1, . . . d, as a derivative of the Kähler
potential K (Z I , Z I ):
gI J = ∂I ∂J K (Z I , Z I ). (8)
This will be the case at a generic point in field space for all the models that we discuss
in this paper. (The manifolds we discuss typically will also have special points where
there are orbifold singularities.) The metric on the quotient space can thus be computed
by implementing the quotient construction on Cn , or equivalently, by starting with the
action (5) and integrating out the gauge fields. We will illustrate both the methods in the
following examples.
Example 1. CP1, (n, d) = (2, 1).
Our first example is CP1 which can be modelled by one vector superfield and two
chiral superfields both with gauge charges +1. The two-dimensional vacuum manifold
is
V (r) = {|φ1|2 + |φ2|2 − r = 0}/U (1). (9)
In order to implement the symplectic quotient construction, we write φi = ρi eiθi with
the radial variables ρi ≥ 0 and the angular variables θi ∈ [0, 2π ]. The symplectic form
on the original C2 is:
2 Throughout this paper we assume that the values of ra are such that all the scalars σa in the vector
multiplet are zero at the mimima of the potential, i.e. there is no Coulomb branch.
3 We impose Wess-Zumino gauge throughout the paper, so that the only auxiliary fields that remains in
each vector multiplet is the D field.
4 There is an independent algebro-geometric construction of such toric manifolds, called the holomorphic
construction which we briefly recall in Appendix B. It is a non-trivial fact that these two constructions are
equivalent under certain conditions [24]. We shall not discuss this in this paper.
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ω =
2
∑
i=1
ρi dρi ∧ dθi . (10)
The D-term constraint ρ21 +ρ
2
2 = r implies ρ1dρ1 +ρ2dρ2 = 0. The induced symplectic
form is given by
ω = ρ1 dρ1 ∧ d(θ1 − θ2). (11)
We now express this in terms of the gauge invariant holomorphic variable
Z = φ1/φ2 ≡ R eiψ. (12)
Using the D-term constraint we obtain
R = ρ1√
r − ρ21
⇒ ρ1 =
√
r R√
1 + R2
. (13)
The symplectic form can now be written as:
ω = ir
2
d Z ∧ d Z
(1 + Z Z)2
, (14)
which is identified as the Fubini-Study form on CP1, derived from the Kähler potential:
K = r log(1 + Z Z). (15)
The corresponding metric is :
ds2 = r d R
2 + R2 dψ2
(1 + R2)2
. (16)
We note that the analysis above was classical, and the FI parameter runs in the quantum
theory, and the CP1 theory actually flows to a massive theory in the infra-red. In this
paper we will mostly be interested in GLSMs that flow to 2d SCFTs in the infra-red
(although we will make some comments on the CP1 model in Sect. 5). Now, a necessary
condition for the GLSM (5) to flow to a 2d SCFT (or equivalently, for the corresponding
toric variety to be a Calabi–Yau manifold) is that there is a left- and right-moving chiral
R-symmetry. For these chiral symmetries to be non-anomalous one has the condition:
∑
i
Qai = 0 , a = 1, . . . , n − d. (17)
As mentioned in the introduction, such a constraint on the charges cannot be satisfied
by a compact toric variety. Our next three examples, as well as our main focus in the
bulk of this paper, involve GLSMs described by the action (5) with the condition (17),
which describe non-compact target spaces.
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Example 2. C/Z2, (n, d) = (2, 1).
Our second example has two chiral superfields 1 and 2 with charges Qi = ±1
respectively. The vacuum manifold is:
V (r) = {|φ1|2 − |φ2|2 = r}/U (1). (18)
This is one dimensional complex space with a natural gauge invariant complex coordinate
M = φ1φ2. We can obtain the (tree level) metric on V by the symplectic quotient as
before or, equivalently, by integrating out the gauge fields as we now show. At a generic
point on the Higgs branch M has a non-zero expectation value and the U (1) gauge
field Vμ gets a mass of order e. At lower energy scales, we can integrate out the gauge
field by solving the classical equations of motion to obtain:
Vμ = −12
∑2
i=1 Qi
(
φi∂μφi − φi∂μφi
)
∑2
i=1 Q2i |φi |2
. (19)
Solving the D-term equation for φ1 and φ2 in terms of FI parameter r and M , we obtain:
|φ1|2 = r2 +
√
|M |2 + r
2
4
, |φ2|2 = − r2 +
√
|M |2 + r
2
4
(20)
Substituting this in the action we get the non-linear sigma model with the target space
metric
ds2 = d M d M√
4M M + r2
, (21)
which can be derived from the Kähler potential
K =
√
4M M + r2 − |r | arctanh
(
√
4M M + r2
|r |
)
. (22)
When the FI parameter r vanishes the metric (21) is exactly that of C/Z2 (i.e. as
induced from the ambient complex plane). We can read off from the metric (21) that the
FI parameter smoothes out the singularity near the tip M = 0, but its effect dies out near
the asymptotic region. It was observed in [31] that the elliptic genus of this model is
exactly that of C, prompting the conjecture that this GLSM flows from C/Z2 (deformed
by r as above) to C. We shall review the computation of the elliptic genus in the next
section.
Example 3. A1 space, (n, d) = (3, 2).
Our third example is a four-dimensional manifold modelled by three chiral super-
fields i and one gauge superfield. The charges of i are (1,−2, 1), respectively. The
fields X = φ21φ2, Y = φ2φ23 , Z = φ1φ2φ3 obey XY = Z2, X, Y, Z ∈ C, which is the
algebraic equation of the A1 space. We can solve the D-term equation
|φ1|2 − 2|φ2|2 + |φ3|2 − r = 0 (23)
by writing
φ1 = ρ cos η2 e
iθ1 , φ2 =
√
ρ2 − r
2
eiθ2 , φ3 = ρ sin η2 e
iθ3 , (24)
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where the angle η has a periodicity of π . The angles ψ1 = 2θ1 +θ2, ψ3 = 2θ3 +θ2 are the
arguments of the gauge invariant coordinates X, Y ∈ C. Implementing the further U (1)
gauging by any of the two methods shown above, we obtain the tree-level metric. which
coincides with the asymptotic form of the Eguchi–Hanson metric for A1 = C2/Z2. The
full metric is not that of A1 even when r = 0, and only agrees with the ALE metric
asymptotically. This can be immediately seen, for example, from the fact that the Ricci
scalar curvature of this model only vanishes asymptotically.
The elliptic genus of this model was computed in [25] and it was found that it agrees
with that of C2/Z2 (as we shall review in the next section). This leads to the natural con-
jecture that this GLSM flows from the metric (21) to C2/Z2, or more precisely the A1
space resolved by the FI parameter r , i.e. the Eguchi–Hanson metric. We comment
that N = (4, 4) supersymmetric GLSMs for ALE spaces directly give the ALE hyper-
Kähler metric in the UV, and there is no RG flow. This is a reflection of the enhanced
supersymmetry.
This example can be easily generalized to all the Ak models with k gauge multiplets
and k + 2 chiral multiplets with charges (1,−2, 1, 0, . . . 0), (0, 1,−2, 1, 0, . . . , 0), . . .,
(0, . . . , 0, 1,−2, 1). We shall not discuss more details of these models in this paper.
Example 4. Conifold, (n, d) = (4, 3).
Our final example is a six-dimensional manifold modelled by four chiral super-
fields i and one gauge superfield. The charges of i are (+1, +1,−1,−1), respectively.
The fields X = φ1φ3, Y = φ2φ4, U = φ1φ4, and V = φ2φ3 obey the algebraic equation
of the conifold XY = U V . At the level of the metric the pattern is similar to the above
two examples. The UV metric is asymptotically that of the conifold, deformed by the FI
parameter r which smoothes out the singularity near the tip. The Ricci tensor and Ricci
scalar does not vanish when r = 0, but approach zero asymptotically. We conjecture that
this model flows to the conifold. We present the elliptic genus of this model in Sect. 3.
2.2. The squashing deformation . The GLSM (5) has, in addition to the U (1)n−d gauge
symmetry, an independent global U (1)d flavor symmetry under which the chiral super-
fields carry some charges Fi ,  = 1, . . . , d. The squashing deformation [23] involves
gauging this symmetry and simultaneously introducing a set of d compensator chiral
superfields which translate under the flavor gauge fields. The action of the squashed
model has three changes compared to the action S0 in (5). Firstly, one introduces a set
of flavor gauge fields V ′ ,  = 1, . . . , d with canonical kinetic terms
S1 = − 14πe′2
∫
d2x
∫
d4θ
d
∑
=1

′
 
′
. (25)
Secondly, the kinetic term of the chiral superfields in S0 undergo the modification:
n−d
∑
a=1
Qai Va →
n−d
∑
a=1
Qai Va +
n
∑
=1
Fi V
′
 , (26)
to give an action which we call S′0. Thirdly, one has the additional term in the action:
S2 = 12π
∫
d2x
∫
d4θ
d
∑
=1
k
4
(P + P + V ′)2. (27)
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The action of the squashed toric model is given by:
Ssquashed = S′0 + S1 + S2. (28)
The vacuum manifold of this theory is found by solving the constraint equations imposed
by setting both D and D′ to zero:
Da = −e2a μa , μa =
n
∑
i=1
Qai |φi |2 − ra , a = 1, . . . , n − d , (29)
D′ = −e′2μ′, μ′ =
n
∑
i=1
Fi |φi |2 + k ReP,  = 1, ..., d. (30)
The physically inequivalent vacua are given by
˜V = μ−1(0)/(U (1)n−d × U (1)d) , μ = (μa, μ′). (31)
Thus we see that the vacuum manifolds of the squashed models—the squashed toric
manifolds—are also toric manifolds with a local U (1)d action [23]. We can choose to
parameterize the base of the vacuum manifold of the squashed models by ReP and,
by a gauge choice, the circle fibres by ImP. In the interior of the base, where all the
original gauge invariant coordinates are non-zero and finite, this circle has a fixed radius
of order
√
k, whereas at the edges and corners (where one or more of the original gauge
invariant coordinates are zero or infinity) some of the circles shrinks to zero size. An
important difference with the unsquashed case is that even when the sum of the original
gauge charges are zero, i.e. when the unsquashed vacuum manifold flows to a Calabi–
Yau manifold, the squashed deformations break the Ricci-flat condition. Nevertheless
the conjecture is that they flow to a N = (2, 2) SCFT with a non-trivial dilaton profile.
We now illustrate some of the features of the squashed toric manifolds. We begin
with the Kähler form of the free theory which can be read off from the action (28) to be
(with φi = ρi eiθi as before):
ω˜ = ω +
d
∑
=1
k
2
Rep ∧ Im p , ω =
n
∑
i=1
ρi dρi ∧ dθi . (32)
Here ω is the Kähler form of the unsquashed model written in terms of the original
chiral fields before any gauging. The quotienting procedure can be done by using the
differential of the D-term constraints (29), (30) to obtain
ω˜ =
n
∑
i=1
ρi dρi ∧ d˜θi , ˜θi = θi −
d
∑
=1
Fi Im p , (33)
and then expressing the ρi in terms of the gauge-invariant coordinates ˜Z of the squashed
model.
It may be perhaps more instructive to perform the quotienting in two steps: the
unsquashed model already comes with a set of coordinates Z = Z({φi }),  = 1, . . . , d
that are gauge-invariant with respect to the gauge transformations generated by Va ,
a = 1, . . . , n − d in terms of which the Kähler form can be written as:
ω =
d
∑
i, j=1
ωi j d Zi ∧ d Z j . (34)
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We can now do the squashing deformation, i.e. the gauging with respect to the fields V ′ ,
for which a set of fully gauge-invariant coordinates is:
˜Z = Z
(
{
φi exp
(−
d
∑
=1
Fi P
)}
)
,  = 1, . . . , d , (35)
where Z({φi }) are the gauge-invariant composite fields of the unsquashed model. We
write Z = R eiψ and ˜Z = ˜R ei ˜ψ .
We now illustrate this in the simple example of the squashed CP1 model for which
the vacuum manifold is:
˜V (r) = {|φ1|2 + |φ2|2 = r , F1|φ1|2 + F2|φ2|2 = −k ReP}/(U (1) × U (1)). (36)
The complex coordinate Z = (φ1/φ2) = R eiψ is the gauge-invariant coordinate of
the unsquashed model, and ˜Z = Ze(F2−F1)P is the corresponding coordinate of the
squashed model invariant under both the U (1) gauge transformations. As explained in
the previous section, the Kähler form of the unsquashed model is (using the differential
of the D-term constraint):
ω =
2
∑
i=1
ρi dρi ∧ dθi = ρ1 dρ1 ∧ dψ = r R d R ∧ dψ
(1 + R2)2
. (37)
The Kähler form of the corresponding squashed model is
ω˜ = ω + k
2
Rep ∧ Im p = ρ1 dρ1 ∧ d˜ψ = r R d R ∧ d
˜ψ
(1 + R2)2
(38)
where we have used the differential of the D′-term constraint in writing the second
equality.
We now want to convert everything to ˜Z , ˜Z or, equivalently, ˜R and ˜ψ , for which we
use the trick of Appendix C to convert the coordinate R to the coordiante ˜R(R). In this
manner we find the corresponding metric to be:
ds2 = r R
(1 + R2)2
(
˜R′(R)
˜R(R)
d R2 +
˜R(R)
˜R′(R)
d˜ψ2
)
. (39)
Computing the derivative we obtain
1
˜R
d ˜R
d R
= 2(F1 − F2)
2r R2 + k(1 + R2)2
k R(1 + R2)2
= 2r R
2 +̂k(1 + R2)2
̂k R(1 + R2)2
, (40)
where ̂k = k/(F1 − F2)2. The metric is then given by
ds2 = r(2r R
2 +̂k(1 + R2)2)
̂k(1 + R2)4
d R2 +
̂kr R2
2R2r + ̂k(1 + R2)2
dψ2 , (41)
which has the shape of a sausage [32,33].
Now we briefly discuss the squashed C/Z2 model. The vacuum equations for this
model are:
˜V (r) = {|φ1|2 − |φ2|2 = r , F1|φ1|2 + F2|φ2|2 = −k ReP}/(U (1) × U (1)).
(42)
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This is a one dimensional complex space with natural gauge invariant complex coordinate
M = φ1φ2 e−(F1+F2)P . At a generic point on the Higgs branch labelled by the vacuum
expectation value of M , both the gauge fields Vμ and V ′μ are massive5 and therefore, at
the energy scale below the masses of the gauge fields, we can integrate them out to get
the non linear sigma model. Solving for the equations of motion for the gauge fields Vμ
and V ′μ, one obtains
Vμ =
r21 ∂μθ1 − r22∂μθ2 + (F2r22 − F1r21 )V ′μ
r21 + r
2
2
, (43)
where
V ′μ =
(r21 + r
2
2 ) k ∂μImP + 2b1 r21 r22 (∂μθ1 + ∂μθ2)
2r21 r
2
2 b21 + (r21 + r22 ) k
. (44)
Here φ1 = r1eiθ1 , φ2 = r2eiθ2 and b1 = F1 + F2.
Substituting the above expressions for the gauge fields in the kinetic part of the
Lagrangian
|Dμφ1|2 + |Dμφ2|2 + k2 |Dμ P|
2 , (45)
and also using the D and D′ constraints equations to eliminate ReP and r2 in terms of r1
and r , we obtain the tree-level UV metric of the squashed C/Z2:
ds2 = (2ρ
2 +˜k
√
4ρ2 + r2)
˜k (4ρ2 + r2)
dρ2 +
˜k ρ2
(2ρ2 +˜k
√
4ρ2 + r2)
dψ2 , (46)
where ρ = r1r2 = r1
√
r21 − r , and ψ = θ1 + θ2 − b1ImP . The metric depends on the
FI parameter, r , and ˜k which is the ratio of k and b21, ˜k = k/b21.
The unsquashed vacuum manifold is C/Z2 which has been smoothed near the tip. The
squashed manifold, in contrast, has a cigar-like shape. The circle which grows without
bound has been squashed so as to give an asymptotic cylinder. We shall see in Sect. 4 that
the elliptic genus of the squashed C/Z2 is exactly that of the cigar manifold, based on
which we conjecture that the GLSM for squashed C/Z2 describes an RG flow from (46)
to the cigar SCFT6.
Similarly the squashed ALE space and the squashed conifold have a shape which can
be described as a higher-dimensional cigar, i.e. a (2d − 1)-dimensional sphere fibered
over the radial direction in a manner that the radius of the sphere asymptotes to a constant.
These are similar to the manifolds described in [34], but again the details are slightly
different. We conjecture that the IR fixed points where they flow to are the same as that
of [34], namely the IR SCFT reached by the theory on NS5-branes wrapped on certain
compact manifolds. Our elliptic genus computations of these models in Sect. 4 may thus
have possible applications to the gauge theories living on such brane configurations.
5 The masses of the gauge fields Vμ and V ′μ are of the order of e and e′
√
k, respectively.
6 We note that the metric (46) is similar to, but slightly different from, the vacuum manifold of the model
consisting of one chiral field, one gauge field, and one compensator field presented in Sect. 2 of [23], which
also flows down to the cigar.
Squashed Toric Sigma Models and Mock Modular Forms
3. Elliptic Genus of Toric Sigma Models
In this section we review the path integral derivation of the elliptic genus of toric sigma
models, and illustrate it with the examples discussed in the previous section. As men-
tioned in the introduction the elliptic genus is the partition function of the GLSM on a
two-dimensional flat torus with periodic boundary conditions on fermions and bosons,
with background R-symmetry gauge field ARμ and background flavor symmetry gauge
field V ′μ which couple to the dynamical fields through covariant derivatives.
In the previous section we saw that the d-dimensional toric manifold is labelled by
the gauge invariant complex coordinates Z,  = 1, . . . , d. The toric manifold has a
non-trivial U (1)d action which is diagonalized by Z transforming as Z → eiφ Z.
For each of these U (1)s we will associate a chemical potential v which couples to the
corresponding conserved current. As we shall see below the elliptic genus of the toric
manifold depends only on the parameters τ , z, and v.
We focus on the theories of the type discussed in the previous section, namely N =
(2, 2) supersymmetric gauge theory with gauge group U (1)n−d coupled to n chiral
multiplets. In order to compute the elliptic genus we need conserved left and right-
moving U (1) R-symmetries. These are the theories that obey the Calabi–Yau condition
and flow to N = (2, 2) SCFTs. From our discussion in the previous section, this means
that we have to restrict our attention to the non-compact models. We shall return to a
compact example in Sect. 5 and compute its Witten index.
We denote the gauge charges of the chiral multiplets by Qai , i = 1, . . . , n, a =
1, . . . , n − d, and the flavor charges by Fi ,  = 1, . . . , d. The computation of the
partition function depends on the holonomies
ua =
∮
A
V a − τ
∮
B
V a , u′ =
∮
A
V ′ − τ
∮
B
V ′ ,
z =
∮
A
AR − τ
∮
B
AR , (47)
along the two cycles of the torus, which we collectively denote as u, u′, z, respectively.
The large gauge transformation symmetries of the gauge fields imply7 that the complex
parameters ua, u′, and z take values in Eτ = C/(Zτ + Z). The chemical potentials v
are linear combinations of the u′s determined by the corresponding gauge-invariant
composite fields built out of the chiral multiplets φi .
The elliptic genus of such a GLSM was computed in [35,36] using the technique of
supersymetric localization. The localization technique reduces the path integral to an
integral over the localization manifold which is the set of solutions to the off-shell BPS
equations of the right-moving supercharge Q. The localization manifold in this case is
labelled by arbitrary values of the holonomies ua ∈ Eτ of the gauge fields and all other
fields set to zero. The classical action of the theory on this manifold vanishes and thus
the integrand reduces to a one-loop determinant of the quadratic fluctuations of a certain
deformation called the localizing action. In this case the one loop determinant (with zero
modes removed) is
7 To be more precise the redundancy under large gauge transformations restricts the holonomy of the
dynamical gauge field, in this case u, to take values in Eτ = C/(Zτ + Z), while covariance under large
gauge transformation of the background gauge fields allows us to restrict u′ and z also to take value in the
same torus. In fact in the next section, V ′ will become dynamical and correspondingly the partition function
becomes invariant under large gauge transformations.
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Z1-loop(τ, z, u, u′) =
(−i η(τ)3
ϑ1(τ, z)
)n−d n
∏
i=1
ϑ1(τ, (
Ri
2 − 1)z + Qi · u + Fi · u′)
ϑ1(τ,
Ri
2 z + Qi · u + Fi · u′)
.
(48)
The first factor in the above expression comes from the one loop computation of the
vector multiplets and the second factor comes from the chiral multiplets. Here we have
introduced the notation
Qi · u =
n−d
∑
a=1
Qai ua , Fi · u′ =
d
∑
=1
Fi u
′. (49)
In the above formula Ri is the vector R-charge of the boson in the i th chiral multiplet.
As we do not have any superpotential in our theories, we can shift Ri by the linear
combinations of the gauge and flavor symmetries to set it to zero. In the following
discussion, we will assume that the R-charges of all the chiral multiplets are zero, they
can be reinstated easily in all our formulas.
The one loop determinant Z1-loop(τ, z, u, u′) has poles in u ∈ Cn−d , along certain
hyperplanes defined by the condition that one or more chiral multiplets become massless
which is given by
Qi · u + Fi · u′ = 0 mod Zτ + Z. (50)
The integral over u reduces to computing the residues of Z1-loop(τ, z, u, u′) at the set of
poles Msing where m (m ≥ n − d) of these hyperplanes intersect. The partition function
is then given by
χell(Mtor; τ, z, u′) = −
∑
u∗∈M∗sing
JK-Res
u=u∗
(Q(u∗), η) Z1-loop(τ, z, u, u′) , (51)
where JK-Res(Q(u∗), η) is a residue operation in (n − d) complex dimensions called
the Jeffrey-Kirwan residue [36,37]. Here η is an arbitrary vector in Rn−d needed to
define this residue operation, although the final result does not depend on the choice of
such a vector. For each u ∈ Msing, Q(u) is the set of (at least n − d) charges defining
the hyperplanes intersecting at u. The set M∗sing is the subset of Msing defined by the
condition that, for any point u∗ ∈ M∗sing, the vector η is contained in the cone generated
by (n − d) linearly independent charge vectors in Q(u∗).
We will now review the modular and elliptic properties of the expression (51). We will
then illustrate the formula (51) using the examples discussed in Sect. 2. The first example
CP
1 does not have an anomaly-free R-symmetry and therefore the expression (2) for
the elliptic genus is not well defined. The other three examples C/Z2, ALE space, and
the conifold do have a conserved R-symmetry and we proceed to discuss them in turn.
3.1. Modular and elliptic properties. The function χell(Mtor; τ, z, u′) is holomorphic in
z and meromorphic in the u′ variables. We now show that it is a Jacobi form in d + 1
elliptic variables (z, u′1, . . . , u′d) (and one modular variable τ ) with weight 0 and index
M =
⎛
⎜
⎝
d/2 −b1/2 . . . −bd/2
−b1/2 0 . . . 0
. . . 0 . . . 0
−bd/2 0 . . . 0
⎞
⎟
⎠ , (52)
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that is Mzz = d/2, Mzu′ = −b/2, and the rest of the entries are zero. For future use
we denote the sum of the flavor charges for each flavor symmetry as:
b =
n
∑
i=1
Fi . (53)
For the definition of multivariable Jacobi forms see Appendix A.
The function Z1-loop(τ, z, u, u′) transforms as follows:
1. Under the elliptic transformation of the variable z with the other elliptic variables u′
fixed we have (using the CY condition ∑ni=1 Qai = 0):
Z1-loop(τ, z + λτ + μ, u, u′) = e−2π i
(
d
2 λ
2 τ+λ(z d−∑d=1 b u′)
)
Z1-loop(τ, z, u, u′), λ, μ ∈ Z. (54)
2. Under the elliptic transformation of the variable u′ with z fixed ,
Z1-loop(τ, z, u, u′ + λτ + μ) = e2π i z
∑d
=1 b λ Z1-loop(τ, z, u, u′). (55)
We can now deduce the elliptic transformation of the function χell(Mtor; τ, z, u′)
using these identities. Firstly, under the shift of z as z → z + λτ + μ keeping u′ fixed,
the locations of the poles in the function Z1-loop(τ, z, u, u′) remain unchanged. Therefore
one can pull out the phase in the JK residue operation to obtain
χell(Mtor; τ, z + λτ + μ, u′)
= −
∑
u∗∈M∗sing
JK-Res
u=u∗
(Q(u∗), η)e−2π i
(
d
2 λ
2τ+λ(zd−∑d=1 bu′)
)
Z1-loop(τ, z, u, u′)
= e−2π i
(
d
2 λ
2τ+λ(zd−∑d=1 bu′)
)
χell(Mtor; τ, z, u′). (56)
Under the other elliptic transformations u′ as u′ → u′ + λτ + μ with z fixed. The
locations of poles of Z1−loop change from (50) to
Qi (u∗) + Fi (u′) +
d
∑
=1
Fi (λ
τ + μ) = 0 mod Zτ + Z. (57)
Since Fi ∈ Z, we see that the set of poles in Eτ = C/Zτ + Z does not change, although
the individual poles may get rearranged. Thus we get
χell(Mtor; τ, z, u′ + λτ + μ) = e2π i z
∑d
=1 bλχell(Mtor; τ, z, u′). (58)
As we will see later this condition is essential in order to gauge the flavor symmetry.
The modular transformation property of Z1-loop applied to Formula (51) yields the
modular transformation of χell(Mtor). Putting this together with the above elliptic trans-
formation properties, we see that χell(Mtor; τ, z, u′) is a Jacobi form with weight 0 and
index M .
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Fig. 3. C/Z2 with r = 2
Fig. 4. Squashed C/Z2 with k˜ = 1 and r = 1
3.2. Examples. We now illustrate the considerations above in the examples that we
introduced in Sect. 2. As explained above the elliptic genus is only well-defined for the
non-compact examples. In each case the elliptic genus is a Jacobi form holomorphic in z
and meromorphic in v,  = 1, . . . , d. This is consistent with the fact that v is chemical
potential for the rotation of the gauge-invariant complex variable Z. The basic model
for the meromorphicity in the flavored elliptic genus is the complex plane C. The pole
arises from the bosonic zero mode on the plane. The divergence is regularized by the
chemical potential for flavor rotation, i.e. the angular momentum of the plane whose
fixed point is the origin of C. The poles in our expressions can thus be associated with
the fixed points of the U (1)d symmetries.
We note that the FI term which smooths out the orbifold singularities (see e.g. the
discussion around Fig. 3 for the case C/Z2) is a Q-exact term and therefore does not
affect our computation of the elliptic genus (Fig. 4).
C/Z2 (flowing to C). We consider the U (1) gauge theory with 2 chiral multiplets 1
and 2 with gauge charges 1,−1, respectively and flavor charges F1, F2, respectively.
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This model describes the space C/Z2 which is expected to flow to C. In the U (1) case
the Jeffrey-Kirwan residue operation in (51) reduces to collecting the residue from the
poles ui satisfying the condition ηQ > 0, where Q is the charge of the chiral multiplet
becoming massless at u. Therefore, choosing the vector η > 0, we obtain
χell(C; τ, z, u′)
= −
∑
u j ∈M+sing
∮
u=u j
du
iη(q)3
ϑ1(τ,−z)
ϑ1(τ,−z + u + F1u′)
ϑ1(τ, u + F1u′)
ϑ1(τ,−z − u + F2u′)
ϑ1(τ,−u + F2u′) .
(59)
Here Fi are flavor charges of the chiral multiplets. In the present case, we have only
one pole, and for a generic value of u′ the location of the pole is given by u + F1u′ =
0 (mod Z + τZ). Using the residue formula (113) we obtain
χell(C; τ, z, u′) = ϑ1(τ,−z + (F1 + F2)u
′)
ϑ1(τ, (F1 + F2)u′)
= ϑ1(τ,−z + v)
ϑ1(τ, v)
, (60)
where v = b1u′, with b1 = (F1 + F2), the flavor charge of the gauge invariant vari-
able Z = φ1φ2. The expression (60) is equal to the elliptic genus of the c = 3 super-
conformal field theory on C , with a chemical potential for the rotation of the complex
coordinate Z ∈ C. The function χell(C; τ, z, u′) is a meromorphic Jacobi form, with
only one pole in Eτ at v = 0, of weight 0 and index
MC =
(
1/2 −b1/2
−b1/2 0
)
. (61)
Resolved A1-Space. We consider the U (1) gauge theory with 3 chiral multiplets 1,
2, and 3 with charges 1,−2, 1, respectively. There is a U (1)2 flavor symmetry under
which the chiral multiplets i have charges Fi , ( = 1, 2; i = 1, 2, 3). This model
describes the AL E space of type A1. We compute the Jeffrey-Kirwan residue by choosing
the vector η > 0, for which we pick up residues at poles u = −F1 · u′ and u = −F3 · u′.
The elliptic genus is then given by
χell(A1; τ, z, u′)
= ϑ1(τ,−z + (F3 − F1) · u
′)
ϑ1(τ, (F3 − F1) · u′)
ϑ1(τ,−z + (2F1 + F2) · u′)
ϑ1(τ, (2F1 + F2) · u′)
+
ϑ1(τ,−z + (F1 − F3) · u′)
ϑ1(τ, (F1 − F3) · u′)
ϑ1(τ,−z + (2F3 + F2) · u′)
ϑ1(τ, (2F3 + F2) · u′)
= ϑ1(τ,−z + v2 − v1)
ϑ1(τ, v2 − v1)
ϑ1(τ,−z + 2v1)
ϑ1(τ, 2v1)
+
ϑ1(τ,−z + v1 − v2)
ϑ1(τ, v1 − v2)
ϑ1(τ,−z + 2v2)
ϑ1(τ, 2v2)
.
(62)
Here 2v1 = (2F1 + F2) · u′ and 2v2 = (2F3 + F2) · u′, which are the chemical potentials
coupling to the rotations of the gauge invariant variables X = φ21φ2, and Y = φ23φ2. The
Witten index, i.e. the value of the elliptic genus (62) at z = 0 equals 2, which is exactly
the Euler character of the Eguchi–Hanson space [38]. The function χell(A1; τ, z, u′) is
a meromorphic Jacobi form of weight 0 and index
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MA1 =
⎛
⎝
1 −b1/2 −b2/2
−b1/2 0 0
−b2/2 0 0
⎞
⎠ (63)
in the variables (z, u′1, u′2) with poles at v1({u′}) = 0 and v2({u′}) = 0.
Conifold. We consider the U (1) gauge theory with 4 chiral multiplets 1,2,3 and 4
with charges 1, 1,−1,−1, respectively. This model describes the resolved conifold.
There is a U (1)3 flavor symmetry under which the chiral multiplets i have charges
Fi , ( = 1, 2, 3; i = 1, 2, 3, 4). Computing the Jeffrey-Kirwan residue as in the pre-
vious case and picking up the residues at the poles for η < 0 (corresponding to the
negative charge), we obtain
χell(Conifold; τ, z, u′)
= −ϑ1(τ,−z + v1)
ϑ1(τ, v1)
ϑ1(τ,−z + v3)
ϑ1(τ, v3)
ϑ1(τ,−z + v2 − v1)
ϑ1(τ, v2 − v1)
−ϑ1(τ,−z + v2)
ϑ1(τ, v2)
ϑ1(τ,−z + v2 − v1 + v3)
ϑ1(τ, v2 − v1 + v3)
ϑ1(τ,−z + v1 − v2)
ϑ1(τ, v1 − v2) . (64)
Here v1 = (F1+F3)·u′, v2 = (F1+F4)·u′ and v3 = (F2+F3)·u′, which are the chemical
potentials coupling to the rotations of the gauge invariant variables X = φ1φ3, U = φ1φ4
and V = φ2φ3. Again we see that the elliptic genus is a meromorphic Jacobi form with
index given by (52). The poles are at v = 0,  = 1, 2, 3, and v4 = v2 + v3 − v1 = 0.
These four poles correspond to the fixed points of X , V , U , and Y = φ2φ4 which
obey XY = U V .
4. Elliptic Genus of Squashed Toric Sigma Models
In this section we compute the elliptic genus of the squashed toric sigma models dis-
cussed in Sect. 2, and derive the main formula of the paper. The starting point is the
unsquashed theory discussed in Sect. 3, namely the U (1)n−d gauge theory coupled to
n chiral multiplets. This theory has a U (1)d flavor symmetry, under which the chiral
multiplets have charges Fi , (i = 1, . . . , n,  = 1, . . . , d). The squashing corresponds
to gauging the U (1)d symmetry and introducing d compensator P-fields, as discussed in
Sect. 2.2. The action of the theory is given in Equation (28). The details of the Lagrangian
in the component form is given in Appendix D.
We use localization to compute the supersymmetric partition function of these theo-
ries. The main idea of the computation is very close to that of [15,35], which we follow.
The first step is to deform the action by a Q-exact term with a coupling λ. The Q-
exactness implies that the answer is independent of the coupling and we can therefore
evaluate the path integral in the limit λ → ∞. In this limit the path-integral reduces
to the critical points of the deformation action, the localization manifold, and the com-
putation of its one-loop determinant at these points. We choose the deformation such
that the localization manifold is the set of solutions to the off-shell BPS equations of
the supercharge Q on the vector and chiral multiplets. This is given by the constant
gauge field holonomies along the two cycles of T 2. As in the previous section we de-
note the holonomies of the U (1)n−d gauge fields and the U (1)d flavor gauge fields by
{ua}a=1,..,n−d and {u′}=1,..,d , respectively. The full functional integral reduces to an
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integral over these holonomies as well as the full field space of the compensator multi-
plets. Noting that the full Lagrangian for the P-multiplet fields evaluated on this above
localization locus is quadratic, we can simply perform the Gaussian path-integral.
The one loop determinant coming from the integration over non zero modes for each
vector multiplet is identical and is given by
iη(τ)3
ϑ1(τ,−z) , thus giving the following total
contribution from the non zero modes of n vector multiplets:
Zvec(τ, z) =
(
− iη(τ)
3
ϑ1(τ, z)
)n
. (65)
However this is not the complete result for the vector multiplet as there are zero modes
of kinetic operator for gaugino fields (λ(0)a+ , λ
(0)
a+ ) and (λ
′(0)
+ , λ
′(0)
+ ). The zero modes
(λ
(0)
a+ , λ
(0)
a+ ) couple to chiral multiplets through Yukawa interactions and the zero modes
(λ
′(0)
+ , λ
′(0)
+ ) couple to both chiral and P-multiplets. As we see below the zero modes
(λ′(0)+ , λ
′(0)
+ ) are absorbed by the zero modes of the P-multiplet fermions (χ
(0)
−, χ
(0)
− )
and the fermion zero modes (λ(0)a+ , λ
(0)
a+ ) are absorbed by the Yukawa interactions of chi-
ral multiplets. For details of the Lagrangian involving chiral, vector and P-multiplets,
see Appendix D.
We first integrate over the fields in the P-multiplets whose Lagrangian is:
k
2
(
− D′μ pD′μ p + iχ−(∂0 + ∂1)χ− + iχ+(∂0 − ∂1)χ+ + i D′(p + p) + |Fp |2
−|σ ′|2 + iχ+λ′− − iχ−λ′+ + iχ+λ′− − iχ−λ′+
)
. (66)
The integration over the non zero modes of χ± gives
∏
m,n∈Z
(mτ + n + z)
∏
m,n∈Z\(0,0)
(n + mτ) , (67)
and the integration over the non zero modes of Re p gives
∏
m,n∈Z\(0,0)
|(n + mτ)|. (68)
Next we need to integrate over Im p. Since Im p lives on a circle of unit radius, its
mode expansion is given by
Im p = 2π(wσ1 + mσ2) + Im poscil, (69)
where σ1,2 are coordinates on T 2 with range 0 ≤ σ1,2 < 1 and (m, w) are arbitrary
integers. Integrating over the oscillator modes of Im p gives
∏
m,n∈Z\(0,0)
|(n + mτ)|. (70)
Thus the complete one loop determinant coming from the non zero modes for each  is
∏
m,n∈Z(mτ + n + z)
∏
m,n∈Z\(0,0)(n + mτ)
∏
m,n∈Z\(0,0) |(n + mτ)|2
= 1
2π
ϑ1(τ, z)
η(τ )3
. (71)
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Next we integrate over the zero modes. Integrating over the zero modes (λ
′(0)
+ , λ
′(0)
+ )
and (χ0−, χ
(0)
− ) gives the factor k2/4. The integration over the zero mode Re p
(0)

gives δ(D′)/kτ2 for each . Integrating over the zero mode of the oscillator part of
Im p gives 2π .
Putting all this together, we see that the one loop contribution of the fields in a given
P-multiplet is8 (with b = ∑ni=1 Fi ):
Z P (τ, z, u
′) = k
τ2
iϑ1(τ, z)
η(τ )3
δ(D′)
∑
m,w∈Z
e
− πk
τ2
(wτ+m+u
′+ bzk )(wτ+m+u
′+ bzk ).
(72)
We note that the k-dependence of the non-zero modes cancel out among themselves,
and the only k-dependence in the above partition function comes from zero modes.
Now we integrate over the fields in the chiral multiplets. We note that in the presence
of the P-field, the correct gauge field background is V ′μ + ∂μImP. The chiral multiplet
determinant in the background of d number of P-fields is given by
Z ({wl },{ml })chiral (τ, z, u, u
′, ̂D) =
n
∏
i=1
∏
ri ,ni ∈Z
Num({ri , ni }, u, u′, τ, τ )
Denom({ri , ni }, u, u′, τ, τ , ̂D)
, (73)
where
Num({ri , ni }, u, u′, τ, τ ) =
(
ri + niτ + z − Qi · u − Fi · (u′ + wτ + m)
)
×
(
ri + niτ + Qi · u + Fi · (u′ + wτ + m)
)
, (74)
and
Denom({ri , ni }, u, u′, τ, τ , ̂D) =
∣
∣
∣ri + niτ + Qi · u + Fi · (u′ + wτ + m)
∣
∣
∣
2
+ i ̂Di .
(75)
In the case when both {D} and {D′} are zero we get
Z ({wl },{ml })chiral (τ, z, u, u
′) = e2π i z
∑n
i=1 Fi ·w
n
∏
i=1
ϑ1(τ,−z + Qi · u + Fi · u′)
ϑ1(τ, Qi · u + Fi · u′) (76)
= e2π i z
∑d
=1 bw Zchiral(τ, z, u, u′). (77)
Now we need to integrate over the zero modes of the gaugini (λ(0)a+ , λ
(0)
a+ ) and {D}
and {D′}. We first integrate over D′’s. Using (72), we can set {D′} equal to zero in the
integrand. After setting D′ = 0, the rest of the integrals can be performed as in [35,36].
The result for the complete one loop determinant is:
Z1-loop(τ, z, u, u′) = Zvec(τ, z)Zchiral(τ, z, u, u′)
d
∏
=1
k
τ2
i ϑ1(τ, z)
η(τ )3
×
∑
m,w∈Z
e2π i zbwe
− πk
τ2
(wτ+m+u
′+ bzk )(wτ+m+u
′+ bzk ). (78)
8 We have fixed the overall normalization of Z P (τ, z, u
′), by comparing to the result of Witten index for
squashed CP1.
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Thus the full partition function is given by
χell( ˜Mtor; τ, z) = −
∫
Edτ
d
∏
=1
d2u′
∑
u∈M∗sing
JK-Res
u=u∗
(Q(u∗), η) Z1-loop(τ, z, u, u′).
(79)
Putting together Equations (51) and (78), this can be written as
χell( ˜Mtor; τ, z) =
∫
Edτ
d
∏
=1
d2u′
τ2
˜H(τ, z, u′) χell(Mtor; τ, z, u′) , (80)
where we have defined the function
˜H(τ, z, u) = k
∑
m,w ∈Z
e
2π ibwz− πkτ2
(
wτ+m+u+
bz
k
)(
wτ+m+u+
bz
k
)
, (81)
which depends on the models only through the parameter b = ∑ni=1 Fi . As we discuss
below, the integrand in Equation (80) is invariant under elliptic transformations of each u′
and therefore the integral is well-defined.
We note that the integrand in (80) has poles at v = 0 coming from the term
χell(Mtor; τ, z, u′). In order to the define the integral, we cut out a small disk around
each pole (as in [12]), and then take a limit where the size of the disk goes to zero.
For any simple pole (say around u = 0) the simple zero of the measure factor d2u
cancels it and therefore this limit is well-defined. One may worry that one gets higher
order poles in χell(Mtor; τ, z, u′) (which would make the resultant integral over the torus
ill-defined), but this does not happen because there are d linearly-independent circles in
the geometry, each of which is associated with a flavor symmetry, and the locations of
the poles are precisely where these circles shrink to zero size.
Now we comment on the total number of parameters that enter the elliptic genus
of our squashed toric sigma models. The parameters that enter the formula (80) are k
and b (for each function ˜H), and the parameters entering χ(Mtor). As we observed
earlier, the function χell(Mtor; τ, z, u′) depends on u′ only through the combinations v,
 = 1, . . . , d. The v’s are the chemical potentials associated with the gauge invariant
variables Z which are fixed for a given model. The parameters in the gauged model are
the charges of each Z under the U (1)d flavor gauge field, which are d2 parameters. So
it looks like we have a total of d2 + 2d parameters but, as we now see, there are actually
fewer parameters.
Firstly there are certain scaling transformations of the above parameters which are
symmetries of the equation (80). To see this, we use an equivalent expression for the
elliptic genus (86) which is given as an integral over the entire complex plane. This
expression is invariant under the following rescalings:
Fi → λ Fi
(⇒ b → λ b
)
, k → λ2 k, ∀ (i, ) , (82)
as can be seen by changing the integration variable from u′ to u′/λ. This reduces
the number of independent parameters by d. Next, the CY conditions
∑n
i=1 Qi = 0
imply that the product of all the chiral multiplets is gauge invariant and therefore can
be expressed as a monomial in the d gauge invariant coordinates of the target space
manifold. This gives another d relations between b’s and certain combinations of flavor
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charges of the gauge invariant degrees of freedom. Thus the total number of independent
parameters are d2.
By choosing λ = 1/b in the scaling (82), and by using the fact that the replace-
ment Fi → λ Fi is completely equivalent to ui → λ ui in the function χell(Mtor; τ,
z, {u′}), we can rewrite Equation (80) as
χell( ˜Mtor; τ, z) =
∫
Edτ
d
∏
=1
d2u′
τ2
H
˜k (τ, z, u
′
) χell(Mtor; τ, z, {u′/b}) , (83)
where now the function
Hk(τ, z, u) = k
∑
m,w ∈Z
e
2π iwz− πk
τ2
(
wτ+m+u+ zk
)(
wτ+m+u+ zk
)
(84)
is a universal function, independent of any features of the models. This is the equation
that we have presented in the introduction.
4.1. Modularity and holomorphic anomaly. We now discuss the elliptic and modular
properties of the function χell( ˜Mtor; τ, z). We begin with the elliptic property of ˜H under
the transformation of u′ as u′ + λτ + μ for λ ,μ ∈ Z. The function ˜H transforms as
˜H(τ, z, u + λτ + μ) = k
∑
m,w ∈Z
e
2π ibwz− πkτ2
(
wτ+m+u+λτ+μ+
bz
k
)(
wτ+m+u+λτ+μ+
bz
k
)
,
= e−2π ibλz ˜H(τ, z, u). (85)
Combining this with the elliptic properties (58) of χell(Mtor; τ, z, u′), we see that the
integrand in (80) is invariant under elliptic transformations.
In order to compute the modular properties of the above function, it is useful to unfold
the integral over Eτ for each  to the entire complex plane. Using the elliptic properties
of ˜H and χell(Mtor; τ, z, u′), the Equation (80) can rewritten as follows
χell( ˜Mtor; τ, z)=(
d
∏
=1
k)
∫
C
d
d
∏
=1
d2u′
τ2
e
− πk
τ2
(
u′+ bzk
)(
u′+ bzk
)
χell(Mtor; τ, z, u′).
(86)
We now have that, under modular transformations,
χ
(
˜Mtor;−1
τ
,
z
τ
)
= (
d
∏
=1
k)
∫
C
d
d
∏
=1
d2u˜
τ2
e
− πk
τ2
(
u˜
τ
+
bz
τk
)(
u˜
τ
+
bz
τk
)
χell
(
Mtor;−1
τ
,
z
τ
,
u˜
τ
)
,
= e
2π i
τ
z2( d2 +
∑d
=1 1˜k
)
χell( ˜Mtor; τ, z). (87)
We use the change of variables u′ = u˜/τ and the fact that d2u
τ2
is invariant under
τ → −1/τ and u → u/τ to obtain the first equality. To obtain the second, we
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use the modular properties of χell(Mtor; τ, z, u′). Thus we find that χell( ˜Mtor; τ, z) is a
(one-variable) Jacobi form of weight zero and index (recalling that ˜k = k/b2):
m = d
2
+
d
∑
=1
1
˜k
. (88)
This formula for the index is consistent with the conjecture that the GLSM flows to a
SCFT with c = 6m. Such SCFTs have arisen in previous studies in [34,39], and some
relations to toric geometry have been discussed in [40].
Now we will derive the holomorphic anomaly equation for the elliptic genus of
squashed toric manifolds χell( ˜Mtor; τ, z) following the treatment in [12,15]. We begin
by noting that the function ˜H satisfies the following heat equation:
k ∂τ ˜H = i2π ∂
2
u
˜H. (89)
We have that the function χell( ˜Mtor; τ, z) obeys:
∂τχell( ˜Mtor; τ, z)
=
∫
Edτ
d
∏
=1
d2u′
τ2
d
∑
i=1
∂τ ˜Hi (τ, z, u′i )
d
∏
=1,  =i
˜H(τ, z, u′) χell(Mtor; τ, z, u′) ,
= i
2π
∫
Edτ
d
∏
=1
d2u′
τ2
d
∑
i=1
1
ki
∂2
u′i
˜Hi (τ, z, u′i )
d
∏
=1,  =i
˜H(τ, z, u′) χell(Mtor; τ, z, u′),
= i
2π
d
∑
i=1
∫
E (d−1)τ
d
∏
=1
 =i
(d2u′
τ2
˜H(τ, z, u′)
)
× 1
ki
d
∑
j=1
∮
v j =0
dui ∂ui ˜Hi (τ, z, u
′
i ) χell(Mtor; τ, z, u′) ,
= −
d
∑
i, j=1
∫
E (d−1)τ
d
∏
=1,
 =i
(d2u′
τ2
˜H(τ, z, u′)
)
Res
v j (u′i )=0
(
χell(Mtor; τ, z, u′)
)
× 1
ki
∂ui
˜Hi (τ, z, u′i ) |v j (u′i )=0 . (90)
Here we have used the property (89) of the function ˜H to obtain the second equality.
To obtain the third equality we have used the fact that χell(Mtor; τ, z, u′) is holomorphic
in u′ which allows us to write the integrand as a total derivative. We then use Stokes’s
theorem to convert the integral over u′i to a contour integral, which is then evaluated
using Cauchy’s residue formula.
For the simplest case d = 1 the holomorphic anomaly equation reduces precisely
to the one obeyed by mock Jacobi forms (see Appendix A). In this case the right-hand
side of (90) can be identified as a contribution from the compensator field including
its winding and momentum modes around the asymptotic cylinder [15]. For higher d
we see a nested structure—the right-hand side of the holomorphic anomaly equation is
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governed not only by products of the functions ˜H and their derivatives but also by the
residues of χ(Mtor) at the points vi (u) = 0, which are themselves meromorphic Jacobi
forms. It would be interesting to give a more precise physical interpretation along the
lines of [10,41,42].
4.2. Examples. Now we illustrate all this with our usual examples.
Squashed C/Z2, (n, d) = (2, 1). We start with the squashed version of the C/Z2 theory
discussed in Sect. 3.2. The original unsquashed gauge theory has a U (1)gauge group with
two chiral superfields 1,2 with charges Q1 = −Q2 = 1. Now we gauge the U (1)
flavor symmetry under which the chiral multiplets have charges F1, F2, respectively. In
this case the partition function is (with b = F1 + F2):
χell(C˜/Z2; τ, z)
= k
τ2
∫
Eτ
d2u′ ϑ1(τ,−z + bu
′)
ϑ1(τ, bu′)
∑
m,w∈Z
e2π ibwze
− πk
τ2
(wτ+m+u′+ bzk )(wτ+m+u′+
bz
k ).
(91)
One can also unfold the integration over Eτ to the entire complex plane to obtain:
χell(C˜/Z2; τ, z)
= k
τ2
∫
Eτ
d2u′
∑
m,w∈Z
ϑ1(τ, (−z + b(u′ + m + wτ))
ϑ1(τ, b(u′ + m + wτ))
e
− πk
τ2
(wτ+m+u′+ bzk )(wτ+m+u′+
bz
k ) ,
= k
τ2
∑
m,w∈Z
∫
Eτ
d2u′ ϑ1(τ, (−z + b(u
′ + m + wτ))
ϑ1(τ, b(u′ + m + wτ))
e
− πk
τ2
(wτ+m+u′+ bzk )(wτ+m+u′+
bz
k ) ,
= k
τ2
∫
C
d2u′ ϑ1(τ,−z + bu
′)
ϑ1(τ, bu′)
e
− πk
τ2
(u′+ bzk )(u′+
bz
k ). (92)
Changing the integration variable to u˜ = bu′, we get (with ˜k = k/b2)
χell(C˜/Z2; τ, z) =
˜k
τ2
∫
C
d2u˜
ϑ1(τ,−z + u˜)
ϑ1(τ, u˜)
e
− π˜k
τ2
(˜u+ z
˜k )(˜u+
z
˜k ). (93)
This can also be written in terms of integral over single torus Eτ (by folding back on to
the torus) as
χell(C˜/Z2; τ, z)
= ˜k
τ2
∫
Eτ
d2u
∑
m,w∈Z
ϑ1(τ,−z + u + mτ + w)
ϑ1(τ, u + mτ + w)
e
− π˜k
τ2
(u+mτ+w+ z
˜k )(u+mτ+w+
z
˜k ) ,
= ˜k
τ2
∫
Eτ
d2u
ϑ1(τ,−z + u)
ϑ1(τ, u)
∑
m,w∈Z
e2π imze
− π˜k
τ2
(u+mτ+w+ z
˜k )(u+mτ+w+
z
˜k ). (94)
This is precisely the elliptic genus of the cigar conformal field theory with central
charge c = 3(1 + 2
˜k ) [8–10]. The function χell(C˜/Z2; τ, z) transforms like a Jacobi form
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of weight 0 and index m = 12 + 1˜k , as consistent with the fact that the model flows to a
superconformal field theory with central charge c = 6m. The function χell(C˜/Z2; τ, z)
obeys the holomorphic anomaly equation:
∂τχell( ˜Mtor; τ, z) =
˜k
2τ 22
ϑ1(τ,−z)
η(τ )3
∑
m,w
e2π iwze
− πk
τ2
(wτ+m+ zk )(wτ+m+
z
k )(wτ + m +
z
k
),
(95)
which is precisely the definition of a mixed mock Jacobi form whose shadow is a linear
combination of products of weight 3/2 and weight 1/2 theta functions [15,19].
Squashed A1. Next we consider the squashed version of the A1 space. We recall
that the unsquashed model is a U (1) gauge theory with three chiral multiplets with
charges 1,−2, 1, respectively. The squashing gauges the U (1)2 flavor symmetry under
which the chiral fields i , i = 1, 2, 3, have charges Fi ,  = 1, 2. The elliptic genus of
the squashed model is (with b = ∑3i=1 Fi ):
χell(˜A1; τ, z) = k1k2
τ 22
∫
Eτ
d2u′1
∫
Eτ
d2u′2 χell(A1; τ, z, u′)
×
∑
m1,2,w1,2∈Z
e2π i(b1w1+b2w2)ze
− πk1
τ2
(w1τ+m1+u′1+
b1z
k1
)(w1τ+m1+u′1+
b1z
k1
)
× e−
πk2
τ2
(w2τ+m2+u′2+
b2z
k2
)(w2τ+m2+u′2+
b2z
k2
)
. (96)
The function χell(˜A1; τ, z) transforms like a Jacobi form of weight 0 and index m =
1 + 1
˜k1
+ 1
˜k2
, and obeys the holomorphic anomaly equation:
∂τχell(˜A1; τ, z)
= −
∫
Eτ
d2u′1
k2τ 22
˜H1(τ, z, u′1) Res
v j (u′2)=0
χell(Mtor; τ, z, u′) ∂u′2 ˜Hi (τ, z, u′i ) |v j (u′2)=0
−
∫
Eτ
d2u′2
k1τ 22
˜H2(τ, z, u′2) Res
v j (u′1)=0
χell(Mtor; τ, z, u′) ∂u′1 ˜Hi (τ, z, u′i ) |v j (u′1)=0 .
(97)
For simplicity we consider here the case for the following flavor charges:
U (1)1 U (1)2
φ1 1 0
φ2 1 1
φ3 0 1
, (98)
so that the poles in χell(A1; τ, z, u′) are at 3u′1 + u′2 = 0, 3u′2 + u′1 = 0 and u′1 − u′2 = 0.
The holomorphic anomaly equation is:
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∂τχell(˜A1; τ, z)
= − ϑ1(τ,−z)
2πη(τ)3k1
∫ d2u′2
τ 22
˜H2
2
∑
a,b=0
×
⎡
⎣∂u′1
˜H1|u′1= 13 (−u′2+a+bτ) e
2π ibz ϑ1(τ,−z +
4u′2−a−bτ
3 )
ϑ1(τ,
4u′2−a−bτ
3 )
⎤
⎦
− ϑ1(τ,−z)
2πη(τ)3k1
∫ d2u′2
τ 22
˜H2
[
∂u′1
˜H1|u′1=−3u′2
ϑ1(τ,−z − 4u′2)
ϑ1(τ,−4u′2)
]
− ϑ1(τ,−z)
2πη(τ)3k2
∫ d2u′1
τ 22
˜H1
2
∑
a,b=0
×
⎡
⎣∂u′2
˜H2|u′2= 13 (−u′1+a+bτ) e
2π ibz ϑ1(τ,−z +
4u′1−a−bτ
3 )
ϑ1(τ,
4u′1−a−bτ
3 )
⎤
⎦
− ϑ1(τ,−z)
2πη(τ)3k2
∫ d2u′1
τ 22
˜H1
[
∂u′2
˜H2|u′2=−3u′1
ϑ1(τ,−z − 4u′1)
ϑ1(τ,−4u′1)
]
. (99)
The squashed model is conjectured to flow to an SCFT with central charge c = 6m that
arises (in the case k1 = k2) on a NS5-brane in string theory wrapped on CP1 [34].
Squashed Conifold. Our third example is squashed conifold. The unsquashed model
has one U (1) gauge field and four chiral superfields with charges (+1, +1,−1,−1).
There is a U (1)3 flavor symmetry under which the chiral superfields i i = 1, .., 4,
have charges Fi ,  = 1, 2, 3. The elliptic genus in this case is:
χell( ˜Conifold; τ, z)
= k1k2k3
∫
Eτ
3
∏
=1
d2u′
τ2
χell(Conifold; τ, z, u′)
×
∑
m,w∈Z
e2π i
∑3
=1 bwz e
−∑3=1 πkτ2 (wτ+m+u
′
+
bz
k
)(wτ+m+u
′
+
bz
k
)
. (100)
The function χell( ˜Conifold; τ, z) transforms like a Jacobi form of weight 0 and index
m = ( 32 +
∑3
=1 1˜k ), and obeys a holomorphic anomaly equation as above. The squashed
model is conjectured to flow to an SCFT with central charge c = 6m that arises (in the
case that all the ki are equal) on a NS5-brane in string theory wrapped on CP2 [34].
5. A Compact Example
In this section we study the simplest example of a squashed toric sigma model with
compact target space, namely the supersymmetric sausage discussed in Sect. 2.2. This
model has a mass gap and is therefore expected to flow to a trivial theory in the IR. The
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elliptic genus is not well-defined because, as explained in Sect. 3, the continuous R-
symmetry is not conserved. This is also manifested in the computation because under
the elliptic transformation u → u + λτ + μ, with λ,μ ∈ Z, the one loop determinant
for CP1 picks up a phase e4π i zλ. However, from this we see that it is well defined for
discrete values of z = 0 and z = 12 , corresponding to the discrete R-symmetry, for which
we have the Witten index (z = 0) and twisted Witten index (z = 12 ). The twisted Witten
index for CP1 is zero, as can be seen from the formula (51), and thus, using the formula
(83), it is also zero for squashed CP1. Therefore here we will only discuss the Witten
index which equals 2 for CP1. The computation of the Witten index of the squashed
model is slightly subtle. The result, as we discuss below, is that it is also independent of
the squashing deformation.
The GLSM describing squashed CP1 has two chiral multiplets with gauge U (1)
charges (+1, +1) and with U (1) flavor charges Fi . One method to compute the Witten
index of the squashed theory is to use the same techniques as those of Sect. 4 with
z = 0. The starting point of this method would be the elliptic genus of CP1 in the form
of Equation (51) evaluated at z = 0. This quantity, however, is divergent and needs
to be regulated. We use the trick of [35] (in a slightly modified version suitable for
our purposes) and introduce an extra chiral superfield of gauge charge −2. The elliptic
genus of this model is now well defined as the sum of the gauge charges is zero. We
can then squash this model with respect to the original flavor symmetries, compute the
elliptic genus of this model as in the previous section, and then set z = 0. At the end
one introduces a twisted mass for the extra chiral multiplet by giving a vev to the scalar
field (this twisted mass breaks the chiral R-symmetries, but one can consistently turn it
on at z = 0) in the extra flavor symmetry background vector multiplet. This decouples
the extra chiral multiplet so that we get the vacuum manifold of C˜P1.
In practice, one notices that the extra chiral multiplet does not modify the location
of poles if we choose to evaluate the residues at M+sing. Furthermore, the extra chiral
multiplet also does not contribute to the one-loop determinant at z = 0, and so we
can essentially ignore it. These considerations lead to the following expression for the
elliptic genus for the deformed model (we will continue to denote it as C˜P1):
χell(˜CP1; τ, z)
= ik
τ2
∫
Eτ
d2u′ η(τ)
3
ϑ1(τ, z)
∑
m,n∈Z
∑
u j ∈M+sing
∮
u=u j
du Z (m,n)chiral
e
− πk
τ2
(mτ+n+u′+ b1zk )(mτ+n+u′+
b1z
k ), (101)
where Z (r,s)chiral(τ, z, u, u′) is independent of s and is given by
Z (r,s)chiral(τ, z, u, u
′) = e2π i(F1−F2)r z ϑ1(τ,−z + u + F1u
′)
ϑ1(τ, u + F1u′)
ϑ1(τ,−z + u + F2u′)
ϑ1(τ, u + F2u′)
.
(102)
Performing the contour integral and picking up the poles at u = −F1u′ and u = −F2u′,
we obtain
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χell(˜CP1; τ, z)
= k
τ2
∫
Eτ
d2u′
[
ϑ1(τ,−z + (F1 − F2)u′)
ϑ1(τ, (F1 − F2)u′) +
ϑ1(τ,−z + (F2 − F1)u′)
ϑ1(τ, (F2 − F1)u′)
]
×
∑
m,n∈Z
e2π i(F1−F2)mze−
πk
τ2
(mτ+n+u′+ b1zk )(mτ+n+u′+
b1z
k ). (103)
We now substitute z = 0 to obtain the Witten index of C˜P1:
χ(˜CP1; τ) = χell(˜CP1; τ, z = 0) = 2k
τ2
∑
m,n∈Z
∫
Eτ
d2u′ e−
πk
τ2
(mτ+n+u′)(mτ+n+u′)
.
(104)
We can evaluate the above integral in two ways. The first way is to unfold the domain
of the integration over Eτ to the entire complex plane to obtain
χ(˜CP1; τ) = 2k
τ2
∑
m,n∈Z
∫
Eτ
d2u′ e−
πk
τ2
(mτ+n+u′)(mτ+n+u′)
= 2k
τ2
∫
C
d2u′ e−
πk
τ2
|u′|2 = 2. (105)
The second way is to keep the domain of the integration fixed and perform the sum over
the integrand using Poisson resummation formula which gives (with u = u1 + iu2):
χ(˜CP1; τ) = 2
τ2
∑
p,r∈Z
∫
Eτ
d2u′ e−
π
kτ2
(p−rτ2)2 e
2π i
τ2
[(p−rτ1)u′2+rτ2u′1] ,
= 2
∑
p,r∈Z
e
− πkτ2 |p−rτ2|
2
δp,0δk,0 = 2. (106)
Thus we see that the Witten index of squashed CP1 is 2, i.e. it is independent of the
squashing deformation.
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A. Multi-Variable Jacobi Forms and Mock Jacobi Forms
The classical theory of (one-elliptic-variable) Jacobi forms (see e.g. [43]) deals with a
holomorphic function ϕ(τ, u) from H × C to C which is “modular in τ and elliptic in
u” in the sense that it transforms under the modular group as
ϕ
(aτ + b
cτ + d
,
z
cτ + d
)
= (cτ + d)k e 2π imcz
2
cτ+d ϕ(τ, z) ∀
(
a b
c d
)
∈ SL(2;Z)
(107)
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and under the translations of z by Zτ + Z as
ϕ(τ, z + λτ + μ) = e−2π im(λ2τ+2λz)ϕ(τ, z) ∀ λ, μ ∈ Z. (108)
The number k ∈ 12Z is called the weight and m ∈ 12Z is called the index of the Jacobi
form.
In the text we also deal with Jacobi forms of n elliptic variables z = (z1, . . . , zn)
and one modular variable τ , which are meromorphic functions of zi ∈ C and τ ∈ H.
Now the index M becomes matrix-valued with entries Mi j , i, j = 1, . . . n. The main
transformation properties (109) and (110) now become:
ϕ
(aτ + b
cτ + d
,
z
cτ + d
)
= (cτ + d)k exp
(
2π i
c
cτ + d
zt M z
)
ϕ(τ, z) , (109)
and, with λ = (λ1, . . . , λn), μ = (μ1, . . . , μn),
ϕ(τ, z + λ τ + μ) = exp
(
−2π i(λt Mλ τ + 2λt M z)
)
ϕ(τ, z) ∀ λi , μi ∈ Z.
(110)
Some modular and Jacobi forms. Some functions that appear in the equations in this
paper are the Dedekind eta function, a modular form of weight 1/2:
η(τ) := q1/24
∞
∏
n=1
(1 − qn) , (111)
and the odd Jacobi theta function which is a Jacobi form of weight 1/2 and index 1/2:
ϑ1(τ, z) = −iq1/8ζ 1/2
∞
∏
n=1
(1 − qn)(1 − ζqn)(1 − ζ−1qn−1)
= i
∑
m∈Z
eπ i(m+
1
2 ) q(m+1/2)
2/2 ζm+
1
2 . (112)
These two functions obey the relation:
1
2π i
d
dz
ϑ1(τ, z)
∣
∣
∣
∣
z=0
= −i η(τ)3. (113)
We use below, for  ∈ Z/2mZ, the standard theta function
ϑm,(τ, z) =
∑
λ∈Z
λ= ( mod 2m)
qλ
2/4m ζ λ, (114)
and its first Taylor coefficient
ϑ
(1)
m,(τ ) =
1
2π i
d
dz
ϑm,(τ, z)
∣
∣
∣
∣
z=0
=
∑
λ∈Z
λ= ( mod 2m)
λ qλ
2/4m . (115)
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The cigar elliptic genus. In the main text the modular properties and, in particular, the
holomorphic anomaly equation obeyed by the cigar elliptic genus was referred to a few
times. Here we summarize a few of the important formulas taken from [15]. The elliptic
genus of the cigar coset at level k transforms as a holomorphic Jacobi form of weight 0
and index 12 +
1
k , and obeys the holomorphic anomaly equation:
∂τχ
cig(τ, z) = − k
4πτ2
ϑ1(τ, z)
η(τ )3
∂u
∑
m,w∈Z
e
2π i zw− πk
τ2
|m+wτ+u+ zk |2
∣
∣
∣
∣
∣
∣
u=0
, (116)
or, equivalently, using Poisson resummation:
∂τχ
cig(τ, z) = i
√
k
2√τ2
ϑ1(τ, z)
η(τ )3
∑
n,w∈Z
(n − wk) q (n+wk)
2
4k q
(n−wk)2
4k ζ−
n
k +w. (117)
The right-hand side of the above equation can be written in terms of standard ϑm,
functions to obtain:
− 2i√
k
τ
1/2
2 ∂τχ
cig(τ, z) = 1
k
ϑ1(τ, z)
η(τ )3
∑
α,β∈Z/2kZ
e2π i
αβ
k q
α2
k ζ
2α
k
∑
 (mod 2k)
ϑ
(1)
k,(τ ) ϑk,
(
τ,
z + ατ + β
k
)
, (118)
from which we see that it is a mixed mock Jacobi form whose shadow is given by the
right-hand side of this equation.
B. Holomorphic Construction of Toric Manifolds
Toric manifolds (or toric varieties) can be thought of as a generalization of complex
projective spaces CPn , which we assume are reasonably familiar to the reader. We recall
that CPn = (Cn+1 − {0})/C∗, where an element λ ∈ C∗ acts on the coordinates zi ,
i = 1, . . . , n + 1, of the Cn+1 as zi → λzi . A general complex d-dimensional toric
variety is the quotient space9
V = (Y − F)/T , (119)
where V = Cn , F ⊂ V is a union of hyperplanes passing through the origin, and the
torus T = (C∗)n−d . An element ga ∈ T , a = 1, . . . , n−d, acts on the coordinates zi ∈
V , i = 1, . . . , n as:
ga(λ) : zi → λQai zi , for some λ ∈ C∗. (120)
The charges Qai as well as the precise description of F are determined by combinatorial
data, together called a fan, which completely determine V . This construction of a toric
manifold is called the holomorphic quotient construction.
On restricting |λ| = 1 in (120), we obtain the action of the real torus U (1)d on the
manifold and, in particular, the points where this torus action has fixed points. This allows
us to represent the toric manifold in terms of a so-called toric diagram. The simplest
9 We are suppressing here the additional possibility of discrete quotients.
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example is the one-dimensional case CP1 which is defined by pairs (z1, z2) ∈ C2 with
the identification (z1, z2) ∼ λ(z1, z2), λ ∈ C. When z1 = 0, we have (z1, z2) ∼ (1, z)
with z ∈ C. The U (1) acts as z → eiϕz, with ϕ ∈ R/Z. The fixed points are at z = 0,
and w = 1/z = 0. The CP1 can thus be drawn as a line segment with ends z = 0
and w = 0, with a circle fibered over it.
C. Metric of Two-Dimensional Toric Manifolds
Consider a GLSM whose vacuum manifold is two-dimensional. Let ρ be the magnitude
of one of the chiral fields in the theory, in terms of which the symplectic form is written
as:
ω = ρ dρ ∧ dψ. (121)
In order to perform the quotient construction described in Sect. 2 we consider the gauge-
invariant (composite) field Z = R eiψ . We solve the (algebraic) D-term constraints to
get a function R(ρ), and we denote the inverse function as ρ(R) (this may or may not
be possible to do explicitly). We denote
′ ≡ d
dρ
, ˙ ≡ d
d R
. (122)
The symplectic form written in terms of the gauge-invariant variable is:
ω = ρ ρ˙ d R ∧ dψ = i
2
ρ ρ˙
R
d Z ∧ d Z , (123)
from which we can write the Kähler metric
ds2 = ρ(R) ρ˙(R)
R
(
d R2 + R2dψ2
)
. (124)
This formula is to be thought of as a function of the gauge-invariant variable Z or,
equivalently, its magnitude R and angle ψ . We can also write this metric in terms of the
coordinate ρ as:
ds2 = ρ
( R′(ρ)
R(ρ)
dρ2 +
R(ρ)
R′(ρ)
dψ2
)
. (125)
D. GLSM Action
In the Lorentizian space, the Lagrangian of N = (2, 2) GLSM in the component form
is given by
L =
n
∑
i=1
[
− Dμφi Dμφi + iψ i−(D0 + D1)ψi− + iψ i+(D0 − D1)ψi+ + Dˆi |φi |2 + |Fi |2
−|σˆi |2|φi |2 − ψ i−σˆiψi+ − ψ i+σˆ iψi− − iφi λˆi−ψi+ + iφi λˆi+ψi− + iψ i+λˆi−φi
−iψ i−λˆi+φi
]
+
d
∑
=1
k
2
(
− D′μ pD′μ p + iχ−(∂0 + ∂1)χ− + iχ+(∂0 − ∂1)χ+
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+D′(p + p) + |Fp |2 − |σ ′|2 + iχ+λ′− − iχ−λ′− + iχ+λ′+ − iχ−λ′+
)
+
n−d
∑
a=1
1
2e2a
(
− ∂μσ a∂μσa + iλa−(∂0 + ∂1)λa− + iλa+(∂0 − ∂1)λa+ + F2a 01 + D2a
)
+
d
∑
=1
1
2˜e2
(
− ∂μσ ′∂μσ ′ + iλ′−(∂0 + ∂1)λ′− + iλ′+(∂0 − ∂1)λ+ + F
′2
 01 + D
′2

)]
−
n−d
∑
a=1
ra Da . (126)
Here Dμ is a covariant derivative with the combination of gauge fields (Qai V am + Fli V l
′
m )
and D′μ is covariant derivative with gauge field V l
′
m . Other various fields are
̂Di = Qi · D + Fi · D′, σ̂i = Qi · σ + Fi · σ ′, ̂λi = Qi · λ + Fi · λ′ (127)
In the above expressions, we are using the following notations
Qi · σ =
n−d
∑
a=1
Qai σ a, and Fi · σ ′ =
d
∑
=1
Fi σ
′
. (128)
In going from Lorentzian to Euclidean space we replace x0 by i x2 and Da, by i Da,.
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